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A TWIN-GYRO ATTITUDE CONTROIL SYSTEM FOR SPACE VEHICLES
By Jerry R. Havill and Jack W. Ratcliff

Ames Research Center
Moffett Field, Calif.

SUMMARY

This report describes the twin-gyro concept and the study of a three-axis
attitude control system. Resulte of experimental data obtained from labora-
tory teshts that used physical componente are presented.

A twin-gyro controller consists of two counterrotating gyro elements
arranged so that control torque is always directed about a single axis inde-
pendent of gyro ginbal angle. This feature allows the use of large gimbal
angles so that a major portion of the morientum stored in the gyros can be
trancferred o the vehicle without introducing cross-coupling torgues.

The twin-gyro attitude control system uses three twin-gyro controllers
to vrovide torgues about fthree orthogonal vehicle axes. To study the control
syetem experimentally 1t was mounted on a space vehicle sirmlator. The vehi-
cle simlator had large values of inertia and was supported on a low-friction
cpherical alr bearing.
esulito of
sh.ow bthat a twin-gyro control syctem can ctabllize a vehicle to prec

the experimental study, which arc given in the report,
io
aititudes (within 1 arc ceeond) with good dynemic regponce. The system

<

‘hie calculated recponce chowe that the cycten performance can be predicted
analytbically.

General theoretical equations of motion, derived for a single-degree-of -
freedom gyro, a twin-gyro controller, and a three-axis twin-gyro attitude
control system, are included as appendixes to the report.

INTRODUCTION

Some space flights require precise vehicle attitude control, and, depend-
ing upon the micsion task, the requirements for pointing accuracy may impose
very ctringent specifications upon the control system. As examplec, a hich
degree of rate stabilization may be demanded during navigational sightings

for a manned space flight, and pointing accuracy within 1 arc second may be
required for astronomical projects involving vehicle-fixed telescopes.

Several methods of penerating torque for attitude stabilization have been
ctudied at Ames Research Center. These Include a system using reaction wheels



as reporied in reference 1, a system using earth's magnetic field as reported
in reference 2, and a system using three Tloated Inteprating rate gyroc ac
reported 1in reference 3.

When a space vehicle is required to maintain a precise attitude with
respect to inertial space, momentum exchange systems with proportional con-
trol become attractive. Of the two most commonly ccnsidered momentum exchange
methods, the control -moment gyro orovides a higher dynamic responge than does
the inertia wheel for a rotating e=lement of gilven size.

Cross-coupling torques produced by a control system which uses a single
gyroe for each vehicle axis can be essentially eliminated by = twin-ryro con-
trol system. The twin-gyro concept consists in mounting itwo counterrotabing

wheels back to back. Their gimbals are driven through egqual but oppocite
angles in order to nullify undecired compeonents of ansular momentur wilch
introduce crosc-coupling torques. Such a palr of gyros conshtitutes a con-
troller capable of producing torque that is always directed zhout sz cingle
axls regardless of gimbal angles. This feature zllows the uce of large gimbal
angles so that a major portion of the momentum stored in the gyros 1z avail-
able for trancfer To the vehicle. It therefore has an advantage over g
single-gyrc controller whilch must be rectricted *n cimbal angle o mininlze
crocs-coupling torques. The twin-gyro conflipuration has been deccrited for
uge in a piteh damping svsten (re;. 4) and has been propoced for a locsli
vertical sensor (ref. 5).

the research reported here 1o part of an investigation of the Teasibiilly
of stabilizing a cpace vehicle to precice attitudes (within 1 arc cecon
use of a twin-gyro conlliguration of control -moment gyro torguerc. Bx
mental data obtalned from a space velilcle simulator stabilized aboub
axeg has been presented in refereunce €. The present report will show that the
stabllized vehlicle had good dynamlic response and that this respornce &
predicted analytically.

DESCRIPTICN OF CONTROL SYSTEM

A block ls ol fthe =attitude control
Tigure 1 using appendix A. The ztiitude
signal voltare proportlonal to the anpular crror betbween jer
(attitude) and a reference axis. Thic error o imal, alone with
value, drivec a twin-gyro controller whose preces ﬁn boraue “o

Il

vehicle 1n fthe direction reguired Lo reduce the attitude error.

General theorstical equationz of notion of a single-depree-or
oyro, & twin-gyro controller, and a three-axils twin-gyro attitude
cystem are presented 1n appendixec L, C, and D, respective The bloclk
diagrom of Tirmure L corresponds to the thecretical francifer funciion derived

t

in appendix D (ei. (Dda)) with the addition of a Tilter time lop wnc
with the attitude error censor aond a compensating read-Llos netwo
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Twin-Gyro Controller

Ficure 2 chowe a twin-gyro controller wherein each gyro consists of a
gyro element (wheel) spinning within a gimbal support. Each gimbal is piv-
oted to the controller frame about its gimbal axis which is normal to the
cyro wheel spin axis. Hotice that the direction of the net momentum change
that results when the two gyro gimbals are rotated through egual and cpposite
angles Trom the syro spin reference axis remains normal to the gyro spin ref -
erence axlc and always along the momentum exchange axis, while the undesired
components of momentum along the cpin reference axis are cancelled. This
cancellation eliminates the major source of cross-coupling torgue inherent
in single-gyro controllers and allows the twin-gyro gimbals to be driven
throurh larpe anglecs (approaching 90°) so that essentially the entire anpgular
momentum ctored in the gyro elements may be trancferred to the vehicle. In
addition, the torgque reactions from the gimbal drive motors are egual and
oppocite with cancellation taking place in the frame of the controller upon
which both motors are mounted, thus eliminating a minor source of cross-
coupling torgue.

A block diagram of one twin-gyro controller with its gimbal position
servo loops 1o chown in figure 3. Each gyro gimbal 1s provided with a posi-
tion (angle) pickoff whose ocutput voltage ic a function of the gimbal angle.
If the gimbal pogsition feedback signal differs from the error signal inpubt te
the controller, the resulting difference signal drives the servomotior wiiich
torquec the gimbal to reduce the posgition error. A fachometer generator pro-
vides gimbal rate [eedback for stabilization of the gimbal servo. Note that
the error signal input to gyro "b" has been inverted and that the two-position
servo loops are otnerwise identical so that the gimbal angles are maintained
equal and oppecite.

One of the twin-gyro controllers with ite drive amplifier is shown in
figure L. As seen in this photograph the gimbal torquing motors are mounted
on one end of each ginmbal axle and the pogition feedback synchros are mounted
on the opposizte end of each gimbal axle. Each gyro element has a specified
angular momen<um of 55x10° gm<cm?/sec. The gimbals could be driven at a maxi-
mum rate of 1 radian/sec and the maximum torque available from each controller
was 1.1x10% dyme-cm or approximately 8 1b-ft. Three of these units were
rigidly mounted on the wvehicle.

The twin-gyro controllers were originally designed and constructed by
Chance Vought Electronics under contract to NASA, Ames Regearch Center.

Signal Processor

When the twin-gyro controller is used for controlling the attitude of a
vehlcle, 1ts gimbals rust be driven at a rate proportional to attitude error
to develop a contrecl torgue which is proportional to attitude error. There-
Tore, 11 the vehiecle 1s to malntaln attitude stability in the presence of



external disturbance torgque, the controller gimbals rust be driven by an
integrated attitude error signai. This integraiion becomes necescary baecauce
gimbal position feedback is employed in the controller.

The purpose ol the signal processor is to provide the required integrated
error signal plug a proportional error sighal. The signal processor aloo
includes a lead-lag network which compensates for a time lag in the contrcller
servo. These func ilons were generated by an analog computer for each of the
three twin-gyrc centrollers.

Attitude Error Senccr

Attitude reference axes werc ectablished by meanc of twe optical error

gensors external to the wvehicle and two point sources of Llight mounted on thre
vehicle. Onec sencor-source combinaticn was used for pitel and yaw aliltude

errors and one for roll stiitude errcrs. The roll attliude errcr sensor %Pd
light cource are chown in flgure 5. The sensor sensitivity was zppro
70 millivoltes per arce second atiitude error. The cencors woere p~1pra'
inerements of § arc seccnds meacured by an opblical aubtccelllimator wirleh wac
used as Lhe standard.

Vehicle
The vehlcle cirmlator and associsted laboratory apparatus ere chown Lo
the photograph o Zirure 5. The SLlalator wiilch was supported on a Low-
Triction air 1ea‘ww 5 WAL L“fﬂﬂ enough Lo accommodate a e and tad an over-
all wolpht of approximately 1200 kiloprams (1000 L),

are prescoied o Clure D
hrcm Lwin-ryro
urces and assoclisg
lmulator axoc
L ounit veetors By

Electrical power and cignalcs eyulipment. on
were tlan"WLLtOd through lexible wiring around the
Slnce the simulstor was rectricted to rotations of
about esch axlic, the arcund,\} > bearing pr wﬂin&
on thﬂ venlcele. ol wires zround tue
ing the usugl detector-source relationship, that
5re) on thP VJhLCLO. Since there wag
pleftely cell -contained systenm aboard the wvehlcle
TEeOY d ng and dicplay cuquipment, an analog computer uced Cow clrnel proceco-
g, and the system control pane’l. were all located external oo “he vehilele,

1S
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A cold-gas reaction jet system was installed on the vehicle for auto-
matically returning each twin-gyro controller to its zero-momentum position
(®c = 0) whenever its gimbal angle exceeded a predetermined value (#+60°).

Provisions were made for adjusting the center of mass as closely as
possible to the center of rotation previous to each data run.

Controller Orientation

Consider now the orientation of the three twin-gyro controllers with
respect to the vehicle. The three controller momentum exchange axes must be
parallel to the vehicle body axes. The spin reference axis of each controller
can be arbitrarily oriented in the plane perpendicular to its momentum
exchange axis, since for the twin-gyro configuration no net angular momentum
exists about the spin reference axis. If the gyro spin axes are "caged"
(i.e., held in the zero gimbal angle position) then both gyros of a controller
may be turned on or off during flight with, ideally, no disturbance torque
reacting on the vehicle. This feature could be used to conserve power or to
extend the lifetime of a mission in cases where the gyros are not required to
be operating continuously.

Another mode of operation which may be of interest for certain missions
involves using only three gyros (one from each controller) for vehicle control
during portions of the mission not requiring the higher performance capabil-
ities of the complete twin-gyro system. Such a mode of operation becomes
feasible with the particular controller orientation shown in figure 7. Notice,
for example, that the set of three "a" gyros is arranged so the angular momen-
tum vectors form a cloged triangle (zero net momentum) when the gimbal angles
are zero and the three wheels contain equal angular momentum. Therefore, the
set of three gyros, under the "caged" condition with no net momentum, could be
turned on or off during flight without disturbing the vehicle if the three
wheels accelerate or decelerate similtanecusly. Since the twin-gyro system
can be conslidered as two such three-gyro control systems, this particular con-
troller orientation was used in the investigation to test this mode of opera-
tion. When sets of three "a" (or "b") gyros were turned on and off (always
leaving at least three gyros in control), the resulting vehicle disturbance
was negligible.

The visual interpretation of figure 7 may be facilitated by recognizing
that the gimbal axes of the yaw controller, for example, lie in the plane
defined by Evi; and Eyp, so that the momentum exchange axis for the twin-
gyro controller is parallel to the Eyg or vehicle yaw axis.

COMPARTSON OF MEASURED AND ANALYTICAL RESULTS

The vehicle simulator described in the preceding section was assembled in
the laboratory and tested to determine its dynamic characteristics and to



obtain experimental data from which to compute the system transfer function.
The gains and compensation time constants were adjusted to achieve the best
transient response in all axes.

A simultaneocus step input to three axes produced the attitude response
shown in figure 8. It can be seen that the control system was able to main-
tain the commanded attitude to within 1 arc second.

The analysis of appendix D shows that control torgques generated by the
ideal twin-gyro controller exist only about the desired control axis. This is
shown in equation (Dl5), where it can be seen that Mﬁz: for example, is
dependent on écz but is independent of écx and écy. It should be observed
in equation (DlS), however, that vehicle rates, w; and wp, for example, cause
a small cross-coupling torque about the 2z axis if nonzero values exist in
Ocx or Ocy. The reason is that the controller gimbals are carried with the
vehicle, and a gyroscopic coupling torque may be developed, as a result of
vehicle rate, by a controller having a net angular momentum (ec # 0).

The procedures used for obtaining the experimental data and for evaluat-
ing the yaw control system transfer function will now be described. The
measured frequency response of the yaw-axis twin-gyro controller wag used to
determine its transfer function which was then combined with analytical data
for the remainder of the yaw control system to produce the complete yaw-axis
open-loop transfer function.

To measure the frequency response of the twin-gyro controller, sinu-
soldal input signals were introduced over the frequency range of 0.2 to
10 cycles per second and the gyro gimbal angles were recorded. Figure 9
shows the amplitude ratio and phase angle plotted as functions of frequency.
A high-frequency resonance which occurred above 5 cycles per second was Pprob-
ably caused by mechanical compliance of the gimbal axle. The freguency
response shown in figure 9 was used tc determine an analytical expression for
the transfer function of the twin-gyro controller:

8o(s) ) 8x10%*
Eo(s) (s +5)(s +80)(s + 0.1 + j34)(s + 0.1 - j3L)

The imaginary roots were factored from the second-order term (s2+ 0.2s + 34%2).
Figure 10 shows how this transfer function was combined with the transfer
function of the rest of the yaw control system to produce the over-all trans-
fer function block diagram. A comparison with figure 1 shows that the vehicle
rate feedback to the controller gyros is not included in figure 10. This
feedback may be neglected because of the high gain used in the gimbal position
loop compared to the gain in the vehicle rate loop.

The controller output torque, my, results from 2h6es cos e which, for
small angles, is approximated by the linear relation m; = 2h6.. Hence, the
Laplace transform is Mv(s) = 2hs@c(s), where h 1is the angular momentum of
one gyro element, and the transfer function from gimbal angle to torgue is
My(s)/6.(s) = 1.1x10%s.



The over-all open-loop transfer function from e to eg was

Es(e) 4x108(s + 1)
(s) 2(s + 6W)(s +80)(s + 10)(s + 0.1 + j34)(s + 0.1 - j34)

=

Figure 11 shows the root locus of the characteristic equation. The
arrows indicate the direction in which the roots of the characteristic equa-
tion move as gain is increased. Their positions for the gain used in the
experimental system are indicated by the solid dots on the locus. Once the
roots from the root-locus plot are determined, it is possible to describe the
closed-loop transfer function in factored form as

Eg(s) 4x108(s + 1)

Einls) (e+67)(s+78)(s+1.25)(s+3+36)(s+3-36)(s+0.1+334)(s+0.1- j3k)

As a check on the validity of the derived transfer function, a plot of
the corresponding calculated closed-loop frequency response was compared with
the measured frequency response of the system. The close agreement indicated
in figure 12 justifies the use of the derived transfer function as a good
approximation of the system performance.

If a constant external torgue, M,, is applied to the vehicle, the twin-
gyro controller will produce an equal and opposite torque, my, as a result of
the static attitude "standoff" error. During application of unidirectional
external torque, the gyro gimbal angles increase continuously until the oper-
ating range of the gyros is exceeded. The ability of the system tc maintain
attitude in the presence of external disturbance torque can be determined from
the transfer function between My and 6y of figure 10. This is indicated by

-11

1.05%10
QV(S) R g2
(¢) -11 5 _ 4
My, 1+1'O5><;O 1.45x10° 30{s+1)(s +5) 8x10 1 1x10%s
s (s + 10) s(s + 64) (s+5)(s+80)(s+0.1 +j34) (s +0.1 - j34)

and the steady-state error for a step external torque of magnitude, My, is

Oyvss 1.05x10° 11
M, 1.45%x10° 30(s +1) 8.8x1012
(s + 10) (s + 64) (s+80)(s+0.1+334)(s+0.1 - 334) |50

s2+ 1.05x10-*1

1.5%10"* radian/dyne-cm or 3.1x10°7 arc sec/dyne-cm

il

To check this "stiffness" factor experimentally, a convenient source of
external torque was provided by the gas Jjet normally used for unloading the
controller. This jet reaction applied a known torque of 3..4x108 dyne-cm to
the vehicle and a standoff angle of 1 arc second was measured. The calculated
standoff angle is (3.4x10%® dyne-cm)(3.1x10°7 arc sec/dyne-cm) = 1.05 arc sec,
which agrees well with the measured value.



CONCLUDING REMARKS

This investigation has shown that a twin-gyro attitude control system
can stabilize a large space vehicle. The accuracy in attitude of the system
used was maintained to better than 1 second of arc when external torgues were
less than 3x10° dyne-cm.

The system transfer function was derived analytically and the calculated
frequency response was shown to agree closely with the measured frequency
response.

One desirable feature of the twin-gyro controller is that it produces
torque which is always directed about a single axis regardless of the gimbal
angles. This feature allows the use of large gimbal angles so that a major
portion of the momentum stored in the gyros is available for transfer to the
vehicle. An advantage is therefore obtained over a single-gyro controller
which must be restricted in gimbal angle to minimize cross-coupling torques.

Redundancy is inherent in the twin-gyro system in that it continues to
function with loss of one gyro in any controller, although with correspond-
ingly reduced performance.

Ideally, pairs of controller gyros may be turned on or off without
inducing disturbance torques on the vehicle. Also, theoretically, with the
particular orlentation of controllers used in this investigation, selected
sets of three gyros may be turned on or off, with no disturbance torques
being developed. The ability to turn gyros on and off dquring a mission may
be an important advantage if power conservation is a major Tfactor.

In summary, the twin-gyro attitude control system would be especially
adaptable to space vehicles which require precise attitude control with high
dynamic response and low values of cross-coupling torgque.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., April 20, 1964
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APPENDIX A

NOTATICN

unit vector indicated by its index (i = 1, 2, or 3) which is a member

of an orthogonal set fixed in the item indicated by a subscript
voltage within the control system

vector angular momentum with respect to inertial space of item
subscripted

vector derivative of H with respect to time

scalar magnitude of the angular momentum of the gyro element with
respect to its spin axis

imaginary number, AJTI

constant used for gains

vector sum of external disturbance torques applied to the vehicle
torque applied to the subscripted item

Laplace operator

vector angular velocity with respect to inertial space of the
subscripted item

vector derivative of W with respect to time
vehicle roll axis having the direction Ey,
vehicle piteh axis having the direction Eys
vehicle yaw axis having the direction Eyg
constant gimbal offset angle

angle through which the subscripted item has rotated with respect
to a reference

scalar derivative of 6 with respect to time

momental dyadic of the subscripted item

scalar component (indicated by superscripts) of the momental dyadic

of the subscripted itenm



T time constant

W scalar component of W along the vehicle coordinate direction
indicated by the subscript

W time derivative of w
Subscripts
b vehicle minus the twin-gyro control system
c twin-gyro controller
cx x axis controller (roll)
cy y axis controller (pitch)
cz z axis controller (yaw)
b frame of the twin-gyro controller
g gimbal
ge gyro element
ga gimbal of gyro "a"
gh gimbal of gyro '"b"
i index used as a subscript or a superscript
P perturbation
r reference set of directions fixed in the gyro case
ra, reference set of directicns for gyro "a"
ro reference set of directions for gyro "b"
S attitude error sensor
58 steady state
tsm torque -surming member
v vehicle

10



APPENDIX B

THE EQUATIONS OF MOTION OF AN IDEAL SINGLE -DEGREE -OF -FREEDOM GYRO

An '"ideal" single-degree-of -freedom gyro will, for the purpose of this
analysis, be specified as the one which meets the following definitions and
requirements:

Definitions
1. The gimbal consists of a torque-summing member plus a gyro element
(wheel).
2. The torque-summing member (tsm) consists of a support for the gyro
element, a position pickoff device to measure the angle between the
torque -summing member and the case, and a torgque motor through which a

torque may be applied between the torque-summing member and the case.

3. The gyro consists of a gimbal pivoted about one axis within a case.

Requirements

1. The components from which the gyro is assenbled are rigid.

2. The gimbal must be free to rotate with respect to its case gbout an axis
normal to the axis of rotation of the gyro element.

3+ The center of mass of the gyro element is considered to remain located at
the center of mass of the torque-summing member.

4. The mass distribution of the gimbal is considered to be symmetrical with
respect to its three principal axes.

5. The gyro element is considered to rotate about its axis of symmetry at a
constant angular velocity with respect to the torque-summing member.

6. The angle measured by the pickoff and the torque applied by the torgue
motor is considered to have zero error.

11



Let the unit vector Eél be fixed in the gimbal and have the direction
of the angular velocity of the gyro element with respect to the torgque-
summing member, as shown in the following sketch. Let the unit wvector Egs

Position pickoff
Gimbal axis

Gyro element C}
’ . Pl Eq)
Torque 8 8 9
summing member. ge 9
S AR Y

Eq2 E
Torque g re
~_ motor ,/Gyro element spin oxis

Gyro case
N /

Coordinate systems for a single-degree-of -freedom gyro.

nyrB'EgB

be fixed on the axis of rotation of the gimbal with respect to the case and
have the direction from the center of mass of the gimbal toward the end of
the gimbal containing the pickoff. Let the unit vector Egg be defined by
the relation

Let a second orthogonal set of unit vectors be chosen as reference vectors
which are fixed in the case. Choose the orientation of these vectors such
that when the output of the pickoff is zero, the two sets of vectors are
related by

Epi = Bgg (i =1, 2, 3) (B2)

where a repeated subscript not included within parentheses represents a
summation subscript having the range 1, 2, and 3.

Let the angle of the ginbal with respect to the case be defined as
positive when the gimbal rotates with its angular velocity with respect to
the case in the direction of Egs'

Since momentum 1s a linear vector quantity, the angular momentum of the
gimbal may be expressed as

12



Hg = ng + ﬁ'tsm (B3)

The angular momentum of a physical body may be expressed at the inner
product of its momental dyadic with its angular velocity. Therefore, equa-
tion (B3) may be rewritten as

He = 6ge : ﬁée + Digm + Wegn (BY)

where 586 and gtsm are the momental dyadics of the gyro element and torgue-
summing member, respectively. Since Wge is a linear vector guantity, it
may be resolved into the two vectors

Wée = (ége)Egl + Wfsm (B5)

Therefore, equation (BL) may be written

Hy, = 6

N (‘Dge + Opgp) Wg (B6)

where

w—‘t’.-SI‘t‘l = wg

The principal directions of ¢ e are equal to the gimbal ccordinate
directions Eéi (i = 1, 2, 3) because the direction of the axis of symmetry
of the gyro element i1s the same as Eél. Therefore, the momental dyadic of
the gyro element may be expressed as

= li= = .
Pge = Opebpilai (summed on 1) (B7)

where the products of inertia have vanished because of the required symmetry.

Since the unit wvectors Eéi (i =1, 2, 3) are fixed with respect to the
torque -summing member and are its principal directions, then the romental
dyadic of the torque-summing member may be written as

= ii
tem = PremPgifiel (B8)

Since the momental dyadics of both the gyro element and the torque-summing
member are linear dyadics referred to the same set of directions they may be
summed directly to obtain

|l

g~ Qge + Qiam (B9)

13



where the components are

Pg- = Pge * Cigm  (1=1,2,3) (310)

Also, because 1t was required that the mass distribution of the gimbal be
symmetrical about Egz and since Egg = Epg then the momental dyadic of the

gimbal may be expressed in terms of the reference ccordinate system by means
of

$g = @élﬁfiEri (B11)
At this point, equation (B6) may be written

oy * Og + Wy (B12)
where

h = é = constant

11
ge¥ge
Since Wé is a linear vector guantity, it may be expressed as

Wy = 0gB.5 + Wy = BgBrg + Wy (B13)
also Eél may be expressed in terms of the reference unilt vectors by means
of the idemfactor (unit dyadic) as

Bpp = Bpy » BpgBpg (summed on i)

= 008 OgBn, + sin OB (B1L)
ghra ghre

Therefore, the momentun of the gimbal may be expressed as

ﬁé = h cos Ggﬁfl +hosin OgR, + éngsﬁf3 + 5g - W, (B15)

If the total derivative of equation (B15) is taken with respect to time, the
time rate of change of momentum of the gimbal is

Hy = -h6g sin 0,E;, + b, cos 6B, + ¢3°0gE.g + W X h cos Oy,

/

+ Wrxf\h sin OgEp, + cpgségﬁre) +dg - Wy + Wy X

|

- Wy (B16)

o~
o

The vector Wf may be expressed in terms of the idemfactor (unit dyadic)
of the orthogonal reference coordinate system by means of

1L



i Bpd (summed on 1) (B17)

If equation (Bl7) is substituted into equation (B16), the operations are
performed as indicated, and the terms are collected, then the time rate of
change of the momentum of the gimbal may be expressed as

_ ) N

. . . 33 — . — — .
Hg = L-heg sin Gg + Og Gg <Wr + Epy ) - hosin Gg <ﬁr . Eré)J Epq + [heg cOs Qg

+ h cos 6, <W} . E}3> - 9530, <Wf . Efl>} Eprs

t=
]
w
+
ol
e
=
]

+ [¢g3ég4-h sin 6g <?f . Ef%> - h cos 6g <ﬁf . E}2>J

+ Wy X <I'>g - WL (B18)

Let my be defined as the magnitude of the torque applied to the gimbal by
the torque motor.

T w : 11
Then mgy = Hg + Eps; and since ¢g = @22

mg = @23 €<W} . Ef3> + égJ +h (Wf . E}¥> sin 6y - h.<W} . E£2> cos 6,
(B19)

15



APPENDIX C

THE EQUATIONS OF MOTION OF AN IDEAL SINGLE-AXIS

TWIN-GYRO CONTROLLER

For the purpose of this analysis, an ideal single-axis twin-gyro
controller is defined as a twin-gyro controller which meets the following
requirements (see fig. 2):

1. The controller is ccnsidered to consist of a rigid frame within
which is mounted the gimbals of twc identical, ideal gyros, and upon which is
mounted the fixed portions of the torquers and pickoffs associated with the
gimbals.

2. An orthogonal right-hand set of unit vectors Eo.i (i = 1, 2, 3) is
considered to be fixed in the frame of the controller.

3. The ideal gimbal "a'" and its associated components are oriented
within the frame of the controller so that the gimbal's reference unit
vectors E}ai (1 = 1, 2, 3) may be transformed to the controller unit vectors
by means of

Ergy = Eél }) Efae = Eﬁz ) Efas = Eés

L. The ideal gimbal "b" and its associated components are oriented
within the frame of the controller so that the gimbal's reference unit
vectors E}bi (i = 1, 2, 3) may be transformed to the controller unit vectors
by means of

Epp1 = “Eél ) Efbg = ‘Eée b Eypg = Bes

5. Whenever gimbal "a" rotates with respect to the frame through an
angle 0Ogg = Oc, then gimpbal "b" is required to be forced by its torguer to

rcotate with respect to the frame through the angle ng = -Ba.

The angular momentum of the controller in inertial space may be
expressed as the sum of the angular momenta in inertial space of the indi-
vidual components of the controller:

al

bl

Fo W (c1)

ga t lgb *

i
==
faw
L1

where $f is the momental dyadic of the fixea portions of the controller and
We 1s the angular velocity of the controller with respect to inertial space.
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The time rate of change of angular momentum of the controller may then
be written

H. = Hga +

Hgb + (I—)f . WC

LSl

o + W, X op - W, (ce)

From appendix B, Hga may be written

- [ . 33 - — . _ _ _
Hggy = L_hega sin Ogg + 95 0gg \We * Epgp |- 810 Ogq | We - Era%> Erasy

+ {héga cos ega + h cos Gga <WC . Era3> - (Dgséga <WC . Eral>:l Erag

335 : T & 7 = w
+ L@g ega + h sin ega <Wc . Era1> - h cos ega <Wc . Eraé>J Eras

+ Ega . WC + WC X (—gga * WC (03)

Similarly, from appendix B, ﬁéb may be written

- . ) . — - . ~ - 1
Hgb = L—heg'b sSin ng + Cpg egb <WC . EI'b2> - h sin ng <WC . EI‘bS>J EI‘bl

; T m 33, T il
+ {hegb cos egb + h cos ng <Wc . EI‘b3> - Cpg ng <WC . Erbl)} EI‘bZ

i
\

HIPRCICY, . o . /— =) ol
+ L(Pg ég'b + h sin ng <WC . Erbl> - h cos ng \WC . Erbe)} Erbs

gb Wo + Wc X (fg-b . WC (C)‘F)

il

+

Since the gimbals have symmetrical mass distribution their momental
dyadics may be expressed in terms of the controller unit vectors. Therefore

o

c - 5ga + ég'b + 6f (C5)
where

@%iﬁéiﬁéi (surmed on i)

20
o)
I
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Then if the unit vectors of gimbals "a" and "™™" are transformed accord-

ing to the controller reguirements 3 and L and substituted into equation (02),
one may write

- | . . . . 33 [ ; ; 7 i
. = L_h Ogs sin 8ga - Ogb 810 Ogp ) + Vg an + egb Wo + Eqo

\ _ _ _ [ /. .
h.<51n an - sin ng/;<ﬁc . Eca>} E01 + {h Kega cos ega - ng cos ng>

. . \ \ k
33 T W T . R w
¢g <9ga + egb> <WC ECl) + h,<cos ega - cos ng/)<?c Ecs)J Een

i e . — =\
33 . . . \
L@g <9ga + ng> +h <51n an - sin ng> <ﬁc E01/

N\ = - = L =
h <cos 6ga - COS egb/)<ﬁc . EC5>J Eog +0¢ * Wo +Wo X 0 - Wo (c6)

+

If the requirement that 0gg = 6; and Ogp = -6 1s now imposed, the
time rate of change of momentum of the controller may be expressed as

H, = -2h sin 6, <ﬁ5 . Eg%) Eoy + 2n9, cos 6 Eg,

+ 2h sin 6, <ﬁé : Egi) Boy + 8c * Wo + We X 0o - W (c7)

Let Mgg and gl be defined as the magnitude of the torques applied to

gimbal "a" and gimbal "b" by their respective torquer motors. In terms of
We and We., these values from equation (B19) may be expressed as

Mg, @23 {(ﬁé . E}a;> + égaJ +h Biﬁé . Efa%> sin Ogg - <W- . Efaz)'cos Gga}

(c8)

: |

=N . =N =N
Mg, @23 D(wc . Erbs/ + egb + h <Wc © Bypy ) sin B - Wo » Ersz cos ngj

(c9)

If these equations are transformed into controller coordinates and the
controller parameter 6, then

R ] VA - = l
Ngg = @23 L We -+ Ec3> + QCJ +h L(WC . Ec¥> sin 6, - <WC . Ecg/lcos GCJ
(c10)
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Mgy = @23 M(Wc . Ecé> - éc] + h BSFC . Ec;> sin 6, + <Wc . Ecé> cos GC}

Since the gyros are slaved to move in equal and opposite directions,

(c11)

Mgs = -Mgh (c12)

Substituting equation (C12) into (Cll), changing sign, and adding to (C1O)
results in

my = wgség - h.<?b . EE%) cos B, (c13)

which is the equation of motion of an ideal, single-axis, twin-gyro
controller.
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APPENDIX D

THE EQUATIONS OF MOTION OF A THREE-AXTIS TWIN-GYRO

ATTITUDE CONTROL SYSTEM

To describe the behavior of a space vehicle with a twin-gyro attitude
control system on board, an ideal condition is considered. The gyro equa-
tions are simplified by specifying a symmetrical mass distribution in the
gyro gimbals as defined in appendix B. It is further assumed that the
vehicle is a rigid body, and that its principal axes of inertia coincide with
the vehicle axes x, y, and z which are defined in the directions of three
unit vectors E&i (i = 1, 2, 3), respectively. Trree identical single-axis
twin-gyro controllers are assumed to be rigidly mcunted on the vehicle.

These controllers are considered to be ideal, as described in appendix C.

The three single-axis twin-gyro controllers are assumed to be oriented
with respect to the space vehicle so that each axis of the vehicle has one
controller associated with it. Therefore, they are identified as the x
axis controller, the y axis controller, and the =z axis controller. Also,
they are assumed to be oriented with respect to the vehicle as described by
the following relations between the controller reference vectors, Eci: and
the vehicle reference vectors, Evi (i = 1, 2, 3) (see fig. 7).

For the x axis controller,

— . N
Eexy = <Evs - Eva)

A2
2
e
2

) N
Ecxa = Eyg + EQQE
For the y axis controller,
Ecyl = iéé C—Vl - Evs
Eéye = E§2
= J2 /=
Ecys = > KFVl + Evg

20



For the =z axis controller,

_ JE' _ _
Eezy e Eys - Byy

v3

3]

Eozo =
_ J2 /= =
Eczs = ‘ET'<?V2 + Ev%>

While this orientation is not required for a twin-gyro attitude control
system, it is the one used in the experimental research associated with this
report.

The time rate of change of the angular momentum of an ideal single-axis
twin-gyro controller as derived in appendix C is expressed in terms of the
controller-fixed set of reference vectors Eaq:

e = -2h <#c . Ec%) sin 9cE§1 + Ehéc cos BpEa, + 2h <WE . Eé;> sin B.Eqq

© We (p1)

+
=l
0
=)
0
+
=
e
X
LS
o)

Since the single-axis twin-gyro controllers have been assumed to be
rigidly attached to the space vehicle, the angular velocity of the controller
with respect to inertial space is identical to the angular velocity of, the
vehicle with respect to inertial space. Therefore, the terms We and We in
equation (D1) may be replaced with W& and W&, respectively, which becomes

H. = -2h (Wv . Ec3> sin 8.Ea; + 2h6, cos O.E.o + 2h <WV . Ec1> sin 6.Eaq
+5—C .V;IV"-WVX@C.WV (DE)

If the controller set of unit vectors is transformed into the wvehicle
set of unit vectors, then for the x axis controller,

-~ — - = . - / - -
ch = 2h <WV . Evs> sin echvz + ghecx CcOs ch EVl - 2h \W‘V . EV2> sin echVS

+ by - Wy + Wy X 0oy - Wy (D3)
for the y axis controller,

ﬁcy = -72h <WV . EV3> sin ecyﬁv]_ + 2hécy cos QCyE-VE + 2h <wv : EVJ-) sin ecyﬁvg

+ 5Cy C W, o+ W

X gcy - Wy (D4)

el



and for the z axis controller,

- _ - - . - — - —

+ 502 C Wy + Wy x écz - Wy (D5)

If 5v 1s defined as the momental dyadic of the entire vehicle, includ-
ing the controllers, then &, may be defined as the momental dyadic of the
vehicle, less the three controllers, and

oy = 5v - 5cx - 50y - Scz (D6)

Then the angular momentum of the vehicle, less the three controllers, may be
expressed as

Hy, = q:’b - Wy (D7)

The time rate of change of the angular momentum of the vehicle without the
controllers may then be written

Hb: b-wv+wvxcbb-wv (D8)

The time rate of change of angular momentum of the entire vehicle, ﬁv,
is equal to the vector sum of the time rate of change of angular momentum of
each of its parts. Therefore,

v = Hy o+ Hop + Hoy + Hyy (p9)

H

and when equations (D3), (D), (D5), and (D8) are substituted into equa-
tion (D9), the time rate of change of angular momentum of the entire vehicle
may be written as

= = —_— * —_ —_— \
Hy = 9y * Wy + Wy X 0y - Wy + 2h [ch cos Bax -'<WV . EV?/ sin ecy
N

EVl + 2h ]:écy COS ch - <WV . E.Vl\" sin QCZ

N

- 3 3 . ~ AN
+ (Wv . EV3>sin ecx} Eyo + 2h [ecz cos Bep - <WV . Eve)lsin Bcx

+ [ Wy - EV1> sin oy | Eyg (D10)
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The vector angular velocity and angular acceleration of the vehicle with
respect to inertial space may be resolved along the vehicle axes by means of
the relations

= w1Ev1 + woBve + wakvs (D11)

=
<
|

= U.-)lEVl + (,:)Z-E-V2 + O.Jgﬁvs (Dlg)

=
<
|

Also, since the vehicle axes were chosen to lie along the vehicle axes of
symmetry, the momental dyadic of the vehicle may be expressed as

Iy = Oy EviEvy + 95%EvaEvs + @33§vsﬁv3 (D13)
where wii = the moment of inertia of the vehicle about the Evi axis

(i =1, 2, 3). When the above relations are substituted into equation (D10),
the expression for the time rate of change of angular momentum of the vehicle
becomes

-

Hy = [@%ldl + <§38 - ¢§%> wzwsJ Evi

[@$2®2 + <§$l - @33> mlw3} Evo

+
+ {@33@3 + <é$2 - @%i> w1w2} Eys

+ 2h <écx cos Oox - Wa sin Ogy + wp sin 6C2> Evi

+ 2h—<écy COS Boy - w1 5in Oy + wg sin 9C*> Eva

+ 2h <écz COS Bop - Wp 5in Opyx + wi sin ecy> Eva (DLL)

Equating the time rate of change of angular momentum to the sum of
external moments results in the three equations of motion for the vehicle

Mox = ofto, + <§33 - ®$2> wowg + 2h <?cx cos By - wa sin Boy + wp sin Gcz>

- , : : . A
S0 + <9$1 - @3%) wiws + 2h <ecy cos By - w1 8in O, + wa sin GCX/

éf

cpf;%g + <<p_\2[2 - cp,\}_l> wowy + 2h (e

og CO8 8., - wp sin 6,, + w1 sin ecy>

(D15)
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In additicn to the above set of equations for the vehicle, there are
equations for each of the twin-gyrc controllers. From equation (013), and
using equation (D11)

Mgy = @gsécx - hwy cos Bay

33y

H () ] -|
Mgy = Og Ocy (p16)

- hwp cos ecy

335

Mgy = Qg oz - hwg cos Bn,

It should be noted that the controller subscripts indicate the vehicle axes
controlled and not the locations of the controllers.

The gimbal torques used in the mechanized control system were of the
following form:

Moy = Kixfvi + Kox L/ﬂ 6vi At - Kaxfex - Kaxfex
lylgy = Klyevg + Kgy J[ evg dt - Kgyecy - K4y90y (Dl?)
F .
Mgz = Kizfva + Kap | Oyg At - Kgzlcz - Kazfez J
(v

Equations (D15), (D16), and (Di7) are the complete equations of motion
for the systemn.

In order to compare the equations cf motion with the mechanized system,
the following assumptions and simplifications are made:

1. The vehicle angular rates, wi, are expressed in terms of Euler
angles, Oy1, and those terms containing products of variables are
neglected.

2. The gyro gimbal angles, 8,5, are the sum of a constant angle, Ggi,
and a perturbation, ecip) and the following small-angle approxima-
tions are used:

&

. . /// .
sin 6,1 = sin \QCi + Baip sin Bgg + Oeip COS By

. N
cos 6,1 = cos /®ci + ecip\
\ J

R

cos @Ci - ecip sin @ci

3. As a result of past history of motion of both the vehicle and the
gyros, the gimbals will be offset to some angle, ®.i, and the inte-
gration feedback will have some initial condition value. It is

N



assumed that the system is in equilibrium to begin with, and that
the signal from the gimbal position, @, exactly cancels the inte-
grator initial condition signal.
With the above approximations, equations (D15), (D16), and (D17) become
linear. The Laplace transforms of these equations take the following form,

where the first three are vehicle equations and the remaining three are
contrcller eguations:

Myx(s) = <¢51s2>6v1(s) + <2hs sin ®cz>‘9V2(5) 1

\
- <2h5 sin @Cy> Qva(S) + <2hS cos ®CX/\ GC}@(S)

Myy(s) = - <éhs sin @cz> 6v1(s) + <@$2s2> Bvo(s)

> (D18)

- ~
+ <2hs sin @CX> Ovs(s) + <2hs cos @cy/\; Bcyp(s)

Myo(s) = <2hs sin ®cy> 6v1(s) - <2hs sin ®cx> Oyo(s)

. \ N
N <?33Sé/ Ova(s) + <éhs cos ®cz/}sczp(s) /

<¢§352 + KSXS + K4x> GC}CP(S) - <K_‘LX + Kgx/s + hs cos ®CX> le(s) =0

N
<(p§382 + KByS + K4y/j ecyp(s) - <Kly + sz/s + hs cos @cy> evg(s) =0 (Dl9)

0

) N\
Cp‘gss-2 + Kags + K4Z} 8czp(s) - <Klz + Koz /s + hs cos Bey | 6va(s)
\'e / / J

In order to compare the above equations with the mechanized system it is
desirable to look at the equations for a single axis. This may be accom-
plished, and the equations decoupled, by assuming that the gyro gimbal angles
are zero for at least two axes. If the roll and pitch gyro gimbals are at
zero angle, the following yaw axis equations result:

(@33s2> 6va(s) + <2hs cos ®c;> Oczp(s) = Myz(s) (D20)

4 N N
&?;352 + Kgzs + K4z/’9czp(5) - <?1z + Koz/s + hs cos ®CZJ 0va(s) = 0
/ (D21)
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These equations yield the single-axis transfer function for vehicle response
to external torque input

33
QVS(S) _ Cpg 52 + KBZS + K4Z

Mya(s)

N - N
f\cp33s2) \@2352 + KBZs+K4Z>1 + 2hs cos Bey KKlZ + Koz/s + hs cos @cz)

(p22)
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Figure 2.- Diagram of a twin-gyro controller.
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Figure T7.- Orientation of twin-gyro controllers with respect to the
vehicle simulator.
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Figure 8.- Attitude response of simulator to simultaneous step input
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